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Abstract. Let k and n be positive even integers. For a Hecke eigenform g in the
Kohnen plus subspace of weight k − n/2 + 1/2 for Γ0(4), let f be the primitive form of
weight 2k−n for SL2(Z) corresponding to g under the Shimura correspondence, and In(g)
the Duke-Imamoglu-Ikeda lift of g to the space of cusp forms of weight k for Spn(Z). Then
we characterize prime ideals giving congruence between In(g) and another cuspidal Hecke
eigenform not coming from the Duke-Imamoglu-Ikeda lift in terms of the special values of
the Hecke L-function and the adjoint L-function of f.
1. Introduction
As is well known, there is a congruence between the Fourier coefficients of Eisenstein
series and those of cuspidal Hecke eigenforms for SL2(Z). This type of congruence is not
only interesting in its own right but also has an important application to number theory as
shown by Ribet [Ri1]. Since then, there have been so many important results about the
congruence of elliptic modular forms (cf. [Hi1], [Hi2].) In the case of Hilbert modular
forms or Siegel modular forms, it is sometimes more natural and important to consider the
congruence between the Hecke eigenvalues of Hecke eigenforms modulo a prime ideal  .
We call such a   a prime ideal giving the congruence or a congruence prime. For a cuspidal
Hecke eigenform f for SL2(Z), let fˆ be a lift of f to the spacel (Γ ′) of modular forms of
weight l for a modular group Γ ′. Here we mean by the lift of f a cuspidal Hecke eigenform
whose certain L-function can be expressed in terms of certain L-functions of f. As typical
examples of the lift we can consider the Doi-Naganuma lift, the Saito-Kurokawa lift, and
the Duke-Imamoglu-Ikeda lift. We then consider the following problem:
PROBLEM. Characterize the prime ideals giving the congruence between fˆ and a
cuspidal Hecke eigenform in l (Γ ′) not coming from the lift. In particular characterize
them in terms of special values of certain L-functions of f.
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This type of problem was first investigated in the Doi-Naganuma lift case by Doi,
Hida, and Ishii [D-H-I]. In our previous paper [Ka3], we considered the relationship be-
tween the congruence of cuspidal Hecke eigenforms with respect to Spn(Z) and the special
values of their standard L functions. In particular, we proved a result concerning the con-
gruence between Saito-Kurokawa lifts and non-Saito-Kurokawa lifts under certain condi-
tions. (See also [Br].) This is a modification of Harder’s conjecture in [Ha]. In this paper,
we consider a congruence between Duke-Imamoglu-Ikeda lifts and non-Duke-Imamoglu-
Ikeda lifts, which is a generalization of our previous result in [Ka3]. We explain our main
result more precisely. Let k and n be positive even integers. For a Hecke eigenform g in
the Kohnen plus subspace of weight k − n/2 + 1/2 for Γ0(4), let f be the primitive form
of weight 2k − n for SL2(Z) corresponding to g under the Shimura correspondence, and
In(g) the Duke-Imamoglu-Ikeda lift of g to the space of cusp forms of weight k for Spn(Z).
Moreover let L(s, f ) and L(s, f, Ad) be the Hecke’s L-function and the adjoint L-function
of f, respectively. Then our main result can be roughly stated as follows:
A prime ideal in the Hecke field of f dividing the numerator of the algebraic part of
L(k, f )
∏n/2−1
i=1 L(2i+1, f, Ad) gives a congruence between In(g) and a Hecke eigenform
not coming from the Duke-Imamoglu-Ikeda lift (cf. Theorems 4.7 and 4.8).
A main tool for the proof of the main result is a period relation between the period of
an elliptic modular form and that of its Duke-Imamoglu-Ikeda lift proved by H. Kawamura
and the author [K-K] (cf. Theorem 4.2.) We had already written this paper about 7 years
ago, and uploaded on Math. Arxiv in 2011. However we thought that we should submit
this paper to a journal after the above mentioned paper’s acceptance for publication. This is
why we submit this paper long after we uploaded it on Math. Arxiv. We note that a similar
result has been given by J. Brown and R. Keaton [B-K].
The paper is organized as follows. In Section 2, we review the Hecke theory of Siegel
modular forms and the standard L function. In Section 3, we review a result concern-
ing the relationship between the congruence of cuspidal Hecke eigenforms with respect to
Spn(Z) and the special values of their standard L functions. In Section 4, we propose a
conjecture concerning the congruence between Duke-Imamoglu-Ikeda lifts and non-Duke-
Imamoglu-Ikeda lifts, and prove it under a certain condition (cf. Theorems 4.7 and 4.8). By
using Theorem 4.8, we can give a non-trivial example of congruence between the Duke-
Imamoglu-Ikeda lift and non-Duke-Imamoglu-Ikeda lift (cf. Example in Section 4).
The author thanks C. Poor and D. Yuen for informing him the estimate of the dimen-
sion of the space of cusp forms of weight 18 for Sp4(Z). The author also thanks B. Heim,
H. Hida, T. Yamauchi and S. Yasuda for their valuable comments. The author thanks the
referee, whose comments made our paper more readable.
NOTATION. For a commutative ring R, we denote by Mmn(R) the set of (m, n)-
matrices with entries in R. In particular put Mn(R) = Mnn(R). Here we understand
Mmn(R) the set of the empty matrix if m = 0 or n = 0. For an (m, n)-matrix X and
an (m,m)-matrix A, we write A[X] = tXAX, where tX denotes the transpose of X. Let
a be an element of R. Then for an element X of Mmn(R) we often use the same symbol X
to denote the coset X mod aMmn(R). Put GLm(R) = {A ∈ Mm(R) | detA ∈ R∗}, where
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detA denotes the determinant of a square matrix A, and R∗ denotes the unit group of R.
Let Sn(R) denote the set of symmetric matrices of degree n with entries in R. Furthermore,
for an integral domain R of characteristic different from 2, let Ln(R) denote the set of
half-integral matrices of degree n over R, that is, Ln(R) is the set of symmetric matrices
of degree n whose (i, j)-component belongs to R or 12R according as i = j or not. For
a subset S of Mn(R) we denote by S× the subset of S consisting of non-degenerate matri-
ces. In particular, if S is a subset of Sn(R) with R the field of real numbers, we denote by
S>0 (resp. S≥0) the subset of S consisting of positive definite (resp. semi-positive definite)
matrices. Let R′ be a subring of R. Two symmetric matrices A and A′ with entries in R
are called equivalent over R′ with each other and write A∼R′A′ if there is an element X of
GLn(R
′) such that A′ = A[X]. We also write A ∼ A′ if there is no fear of confusion. For
square matrices X and Y we write X⊥Y =
(
X O
O Y
)
.
2. Standard L functions of Siegel modular forms
For a complex number x put e(x) = exp(2π√−1x). Furthermore put Jn =(
On −1n
1n On
)
, where 1n denotes the unit matrix of degree n. For a subring K of R put
GSpn(K)
+ = {M ∈ GL2n(K) | Jn[M] = κ(M)Jn with some κ(M) > 0} ,
and
Spn(K) = {M ∈ GSpn(K)+ | Jn[M] = Jn} .
Furthermore, put
Γ (n) = Spn(Z) = {M ∈ GL2n(Z) | Jn[M] = Jn}.
We sometimes write an element M of GSpn(K)+ as M =
(
A B
C D
)
with A,B,C,D ∈
Mn(K). We define subgroups Γ (n)0 (N) and Γ
(n)(N) of Γ (n) as
Γ
(n)
0 (N) =
{(
A B
C D
)
∈ Γ (n) | C ≡ On mod N
}
,
and
Γ (n)(N) =
{(
A B
C D
)
∈ Γ (n) | A − 1n ≡ D − 1n ≡ B ≡ C ≡ On mod N
}
.
Let Hn be Siegel’s upper half-space. For each element M =
(
A B
C D
)
∈ GSpn(R)+
and Z ∈ Hn put
M(Z) = (AZ + B)(CZ + D)−1
and
j (M,Z) = det(CZ + D) .
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Furthermore, for a function f on Hn and an integer k we define f |kM as
(f |kM)(Z) = det(M)k/2j (M,Z)−kf (M(Z)) .
For an integer or a half integer l, a congruence subgroup Γ of Γ (n), and a congruence char-
acter η of Γ, we denote by l (Γ, η) the space of (holomorphic) modular forms of weight l
and character η with respect to Γ (n)0 (N). Here η is said to be a congruence character if its
kernel is a congruence subgroup of Γ (n). We denote by l (Γ, η) the subspace of l (Γ, η)
consisting of cusp forms. If η is the trivial character, we abbreviatel (Γ, η) as l(Γ ), and
so on. Let f be a modular form of weight l and character η with respect to Γ. Then f has
the following Fourier expansion:
f (Z) =
∑
A∈Ln(Z)≥0
cf
(
A
N
)
e
(
tr
(
A
N
Z
))
with some positive integer N, and in particular if f is a cusp form, f has the following
Fourier expansion:
f (Z) =
∑
A∈Ln(Z)>0
cf
(
A
N
)
e
(
tr
(
A
N
Z
))
,
where tr denotes the trace of a matrix. For a subring R of C, we denote by l (Γ, η)(R)
the R-module of elements f of l (Γ, η) such that cf ( AN ) ∈ R for any A ∈ Ln(Z)≥0, and
put l (Γ, η)(R) = l (Γ, η)(R) ∩ l (Γ, η). Let dv denote the invariant volume element
on Hn defined by
dv = det(Im(Z))−n−1 ∧1≤j≤l≤n (dxjl ∧ dyjl) .
Here for Z ∈ Hn we write Z = (xjl) +
√−1(yjl) with real matrices (xjl) and (yjl). For
two modular forms f and g of weight l and character η with respect to Γ we define the
Petersson scalar product 〈f, g〉 by
〈f, g〉 = [Γ (n) : {±1}Γ ]−1
∫
Γ \Hn
f (Z)g(Z) det(Im(Z))ldv ,
provided the integral converges. For a Dirichlet character χ mod N, we use the same sym-
bol χ to denote the character of Γ (n)0 (N) defined by Γ
(n)
0 (N) 
(
A B
C D
)
→ χ(det D).
We note that a modular form f of weight l and character χ with respect to Γ (n)0 (N) has the
following Fourier expansion:
f (Z) =
∑
A∈Ln(Z)≥0
cf (A)e(tr(AZ))
Let Ln = LQ(GSpn(Q)+, Γ (n)) denote the Hecke algebra over Q associated with
the Hecke pair (GSpn(Q)+, Γ (n)). Furthermore, let L◦n = LQ(Spn(Q), Γ (n)) denote the
Hecke algebra over Q associated with the Hecke pair (Spn(Q), Γ (n)). For each integer m
define an element T (m) of Ln by
T (m) =
∑
d1,...,dn,e1,...,en
Γ (n)(d1⊥ · · · ⊥dn⊥e1⊥ · · ·⊥en)Γ (n) ,
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where d1, . . . , dn, e1, . . . , en run over all positive integer satisfying
di |di+1, ei+1|ei (i = 1, . . . , n − 1), dn|en, diei = m (i = 1, . . . , n) .
Furthermore, for i = 1, . . . , n and a prime number p put
Ti(p
2) = Γ (n)(1n−i⊥p1i⊥p21n−i⊥p1i )Γ (n) ,
and (p−1) = Γ (n)(p−11n)Γ (n). As is well known, Ln is generated over Q by T (p), Ti(p2)
(i = 1, . . . , n), and (p−1) for all p. We denote by L′n the subalgebra of Ln generated over
Z by T (p) and Ti(p2) (i = 1, . . . , n) for all p. Let T = Γ (n)MΓ (n) be an element of
Ln ⊗C. Let k be a positive integer. Write T as T = ∪γ Γ (n)γ and for f ∈ k(Γ (n)) define
the Hecke operator |kT associated to T as
f |kT = det(M)k/2−(n+1)/2
∑
γ
f |kγ .
We call this action the Hecke operator as usual (cf. [A].) If f is an eigenfunction of a
Hecke operator T ∈ Ln ⊗ C, we denote by λf (T ) its eigenvalue. Let L be a subalgebra
of Ln. We call f ∈ k(Γ (n)) a Hecke eigenform for L if it is a common eigenfunction
of all Hecke operators in L. In particular if L = Ln we simply call f a Hecke eigenform.
Furthermore, we denote by Q(f ) the field generated over Q by eigenvalues of all T ∈ Ln
as in Section 1. As is well known, Q(f ) is a totally real algebraic number field of finite
degree. Now, first we consider the integrality of the eigenvalues of Hecke operators. For an
algebraic number field K, let K denote the ring of integers in K. The following assertion
has been proved in [Mi2] (see also [Ka3].)
THEOREM 2.1. Let k ≥ n + 1. Let f ∈ k(Γ (n)) be a common eigenform in L′n.
Then λf (T ) belongs to Q(f ) for any T ∈ L′n.
Let Ln,p = L(GSpn(Q)+ ∩ GL2n(Z[p−1]), Γ (n)) be the Hecke algebra associated
with the pair (GSpn(Q)+ ∩ GL2n(Z[p−1]), Γ (n)). Ln,p can be considered as a subalgebra
of Ln, and is generated over Q by T (p) and Ti(p2) (i = 1, 2, . . . , n), and (p−1). We
now review the Satake p-parameters of Ln,p; let Pn = Q[X±0 ,X±1 , . . . , X±n ] be the ring of
Laurent polynomials in X0,X1, . . . , Xn over Q. Let Wn be the group of Q-automorphisms
of Pn generated by all permutations in variables X1, . . . , Xn and by the automorphisms
τ1, . . . , τn defined by
τi(X0) = X0Xi, τi(Xi) = X−1i , τi(Xj ) = Xj (j = i).
Furthermore, a group W˜n isomorphic to Wn acts on the set Tn = (C×)n+1 in a way simi-
larly to above. Then there exists a Q-algebra isomorphism Φn,p, called the Satake isomor-
phism, from Ln,p to the Wn-invariant subring PWnn of Pn. Then for a Q-algebra homomor-
phism λ from Ln,p to C, there exists an element (α0(p, λ), α1(p, λ), . . . , αn(p, λ)) of Tn
satisfying
λ(Φ−1n,p(F (X0,X1, . . . , Xn))) = F(α0(p, λ), α1(p, λ), . . . , αn(p, λ))
for F ∈ PWnn . The equivalence class of (α0(p, λ), α1(p, λ), . . . , αn(p, λ)) under the action
of W˜n is uniquely determined by λ. We call this the Satake parameters of Ln,p determined
by λ.
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Now assume that an element f of Mk(Spn(Z)) is a Hecke eigenform. Then for each
prime number p, f defines a Q-algebra homomorphism λf,p from Ln,p to C in a usual
way, and we denote by α0(p), α1(p), . . . , αn(p) the Satake parameters of Ln,p determined
by f. We then define the standard L function L(s, f, χ, St) twisted by a Dirichlet character
χ as
L(s, f, χ, St) =
∏
p
n∏
i=1
{(1 − p−sχ(p))(1 − αi(p)p−sχ(p))(1 − αi(p)−1p−sχ(p))}−1 ,
and put
L(s, f, χ, St) = ΓC(s)
( n∏
i=1
ΓC(s + k − i)
)
L(s, f, χ, St)
τ (χ)n+1 < f, f >
,
where τ (χ) is the Gauss sum of χ, and ΓC(s) = 2(2π)−sΓ (s). If χ is the principal char-
acter, that is, the primitive character mod 1, we write L(s, f, χ, St) as L(s, f, St). For an
algebraic number field K and a Dirichlet character χ, we denote by K(χ) the field gener-
ated over K by all the values of χ. Put ρ(n, χ) = 3, or 1 according as n ≡ 1 mod 4, n ≥ 5
and χ2 = 1, or not. Moreover put δχ = 0 or 1 according as χ(−1) = 1 or χ(−1) = −1.
The following theorem is essentially due to [[B-S], Appendix, Theorem]. (See also [Bo1]
and [Mi1].)
THEOREM 2.2. Let l, k and n be positive integers, and χ a primitive character such
that ρ(n, χ) ≤ l ≤ k − n, and l − n ≡ δχ mod 2. Let f ∈ k(Γ (n)) be a Hecke eigenform,
and assume that all the Fourier coefficients of f belong to Q(f ). Then L(m, f, χ, St)
belongs to Q(f )(χ).
For later purpose, we consider a special element in Ln,p; the polynomial X20X1X2 · · ·
Xn
∑n
i=1(Xi + X−1i ) is an element of PWnn , and thus we can define an element
Φ−1n,p(X20X1X2 · · ·Xn
∑n
i=1(Xi + X−1i )) of Ln,p, which is denoted by r1.
PROPOSITION 2.3. Under the above notation the element r1 belongs to L′n, and we
have
λf (r1) = pn(k−(n+1)/2)
n∑
i=1
(αi(p) + αi(p)−1) .
Proof. By a careful analysis of the computation in page 159–160 of [A], we see that
r1 is a Z-linear combination of Ti(p2) (i = 1, . . . , n), and therefore we can prove the first
assertion. Furthermore, by Lemma 3.3.34 of [A], we can prove the second assertion.
3. Congruence of modular forms and special values of the standard L functions
In this section we review a result concerning the congruence between the Hecke eigen-
values of modular forms of the same weight following [Ka3]. Let K be an algebraic num-
ber field, and  = K the ring of integers in K. For a prime ideal   of , we denote by
( ) the localization of  at   in K. Let  be a fractional ideal in K. If  =  e with
( ) = ( ) we write ord  = e. We simply write ord (c) = ord ((c)) for c ∈ K. Now
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let f be a Hecke eigenform in k(Γ (n)) and M be a subspace of k(Γ (n)) stable under
Hecke operators T ∈ Ln. Assume that M is contained in (Cf )⊥, where (Cf )⊥ is the or-
thogonal complement of Cf in k(Γ (n)) with respect to the Petersson product. Let K be
an algebraic number field containing Q(f ). A prime ideal   of K is called a congruence
prime of f with respect to M if there exists a Hecke eigenform g ∈ M such that
λf (T ) ≡ λg (T ) mod  ˜
for any T ∈ L′n, where  ˜ is the prime ideal of KQ(g) lying above  . If M = (Cf )⊥, we
simply call   a congruence prime of f.
Now we consider the relation between the congruence primes and the standard L val-
ues. Assume that the following:
(∗) There exists a complex number c such that all the Fourier coefficients cf belongs
to Q(f ).
Then L(l, f, χ, St)cf (A)cf (B) ∈ Q(f )(χ) for any A,B ∈ (Ln)>0 if l satisfies the
condition in Theorem 2.2. The following theorem has been essentially proved in [Ka3]
when χ is the principal character, and it can easily be proved in general case by using the
same method as in [Ka3]. However, for the convenience of the reader, we give an outline
of its proof in Appendix.
THEOREM 3.1. Let f be a Hecke eigenform in k(Γ (n)), and let K be an alge-
braic number field containing Q(f )(χ). Assume the condition (∗). Let χ be a primitive
Dirichlet character mod M , and let l be a positive integer satisfying the condition in The-
orem 2.2. Let   be a prime ideal of K which does not divide M(2l − 1)!. Assume that
ord
 
(L(l, f, χ, St)cf (A)cf (B)) < 0 for some A,B ∈ Ln>0. Then   is a congruence
prime of f.
Now we define the following fractional ideal: for a Hecke eigenform f (z) =∑
A cf (A)e(tr(Az)) in k(Γ (n)), let f be the Q(f )-module generated by all cf (A)′s.
We assume (∗). Then f is a fractional ideal in Q(f ), and therefore, L(l, f, χ, St)f f is
a fractional ideal in Q(f )(χ) if l satisfies the condition in Theorem 2.2. We note that this
fractional ideal does not depend on the choice of c. Then from Theorem 3.1, we can easily
derive the following:
THEOREM 3.2. Let f be a Hecke eigenform in k(Γ (n)), and let K be an alge-
braic number field containing Q(f )(χ). Assume the condition (∗). Let χ be a primitive
Dirichlet character mod M , and let l be a positive integer satisfying the condition in The-
orem 2.2. Let   be a prime ideal of K which does not divide M(2l − 1)!. Assume that
ord
 
(L(l, f, χ, St)f f ) < 0. Then   is a congruence prime of f.
REMARK 1. The above type of congruence is treated by [Bo2] in more general set-
tings. (See also [B-D-S].)
REMARK 2. If the multiplicity one property holds for Sk(Γ (n)), the condition (∗)
holds for any cuspidal Hecke eigenform in Sk(Γ (n)) (cf. [Mi1], [Mi2]). In [Ka4], we
have treated the case where the condition (∗) does not necessarily hold. We note that the
Duke-Imamoglu-Ikeda lift, which will be defined in the next section, satisfies the condition
(∗).
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4. Congruence between Duke-Imamoglu-Ikeda lifts and non-Duke-Imamoglu-Ikeda
lifts
In this section, we consider the congruence between Duke-Imamoglu-Ikeda lifts and
non-Duke-Imamoglu-Ikeda lifts. Throughout this section and the next, we assume that n
and k are even positive integers. Let g be a Hecke eigenform belonging to the Kohnen plus
space +k−n/2+1/2(Γ0(4)). Then g has the following Fourier expansion:
g(z) =
∑
e
cg (e)e(ez) ,
where e runs over all positive integers such that (−1)k−n/2e ≡ 0, 1 mod 4. Moreover let
f (z) =
∞∑
m=1
cf (m)e(mz)
be the primitive form in 2k−n(SL2(Z)) corresponding to g via the Shimura correspon-
dence. For a Dirichlet character χ, we then define the L-function L(s, f, χ) of f twisted
by χ by
L(s, f, χ) =
∏
p
{(1 − χ(p)βppk−n/2−1/2−s)(1 − χ(p)β−1p pk−n/2−1/2−s)}−1 ,
where βp is a non-zero complex number such that βp + β−1p = p−k+n/2+1/2cf (p). We
write L(s, f, χ) as L(s, f ) if χ is the principal character. We also define the adjoint L-
function L(s, f, Ad) of f by
L(s, f, Ad) =
∏
p
{(1 − β2pp−s )(1 − β−2p p−s )(1 − p−s )}−1 .
We note that L(s, f, Ad) coincides with L(s, f, St).
Let p be a prime number. For a non-zero element a ∈ Qp we put χp(a) = 1,−1,
or 0 according as Qp(a1/2) = Qp, Qp(a1/2) is an unramified quadratic extension of Qp,
or Qp(a1/2) is a ramified quadratic extension of Qp. We note that χp(D) =
(
D
p
)
if D
is a fundamental discriminant. For the rest of this section, let n be a positive even integer.
For an element T of L×n,p, put ξp(T ) = χp((−1)n/2 detT ). Let T be an element of L×n .
Then (−1)n/2 det(2T ) ≡ 0 or 1 mod 4, and we define dT and fT as dT = d(−1)n/2 det(2T )
and fT = f(−1)n/2 det(2T ), respectively. For an element T of L×n,p, there exists an element
T˜ of L×n such that T˜ ∼Zp T . We then put ep(T ) = νp(fT˜ ), and [dT ] = dT˜ mod (Z∗p).
They do not depend on the choice of T˜ . We note that (−1)n/2 det(2T ) can be expressed as
(−1)n/2 det(2T ) = dp2ep(T ) mod (Z∗p) for any d ∈ [dT ]. For each T ∈ L×n,p we define
the local Siegel series bp(T , s) by
bp(T , s) =
∑
R∈Sn(Qp)/Sn(Zp)
ep(tr(T R))p−νp(μp(R))s ,
where μp(R) = [Znp + ZnpR : Znp], and ep(∗) is the continuous additive character of Qp
such that ep(x) = e(x) for x ∈ Z[p−1]. We remark that there exists a unique polynomial
Congruence Between Duke-Imamoglu-Ikeda Lifts and Non-Duke-Imamoglu-Ikeda Lifts 117
Fp(T ,X) in X such that
bp(T , s) = Fp(T , p−s ) (1 − p
−s )
∏n/2
i=1(1 − p2i−2s)
1 − ξp(T )pn/2−s
(cf. Kitaoka [Ki]). Now, for an element T ∈ Ln(Z)>0, we put
cIn(g)(T ) = cg(|T |)
∏
p
(pk−n/2−1/2βp)νp(	T )Fp(T , p−(n+1)/2β−1p ) .
We note that cIn(g)(T ) does not depend on the choice of βp. Define a Fourier series In(g)(Z)
by
In(g)(Z) =
∑
T ∈Ln(Z)>0
cIn(g)(T )e(tr(T Z)).
In [Ik1] Ikeda showed that In(g)(Z) is a cusp form of weight k with respect to Γ (n) and a
Hecke eigenform for L◦n such that
L(s, In(g), St) = ζ(s)
n∏
i=1
L(s + k − i, f ) .
This was first conjecture by Duke and Imamoglu. Thus we call In(g) the Duke-Imamoglu-
Ikeda lift of g (or of f ). We note that for a Dirichlet character χ we have
L(s, In(g), χ, St) = L(s, χ)
n∏
i=1
L(s + k − i, f, χ) ,
where L(s, χ) is the Dirichlet L function. We also note that we have Q(g) = Q(In(g)) =
Q(f ). Furthermore, we have g = In(g) if n ≡ 2 mod 4 or n ≡ 0 mod 8, where g is the
Q(f )-module generated by all the Fourier coefficients of g.
Now to consider a congruence between Duke-Imamoglu-Ikeda lifts and non-Duke-
Imamoglu-Ikeda lifts, first we prove the following:
PROPOSITION 4.1. In(g) is a Hecke eigenform.
We note that Ikeda proved in [Ik1] that In(g) is a Hecke eigenform for L◦n but has not
proved that it is a Hecke eigenform for Ln, as was pointed to us by B. Heim (see [He]),
and Brown and Keaton have not proved it in [B-K] either. We also note that an explicit
form of the spinor L-function of In(g) was obtained by Murakawa [Mu] and Schmidt [Sch]
assuming that In(g) is a Hecke eigenform.
PROOF OF PROPOSITION 4.1. We have only to prove that In(g) is an eigenfunc-
tion of T (p) for any prime p. The proof may be more or less well known, but for the
convenience of the readers we here give the proof. For a modular form
F(Z) =
∑
B
cF (B)e(tr(BZ)) ,
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let c(p)F (B) be the B-th Fourier coefficient of F |T (p). Then for any positive definite matrix
B we have
c
(p)
F (B) = pnk−n(n+1)/2
∑
d1|d2|···|dn|p
dn1 d
n−1
2 · · · dn
×
∑
D∈Λn(d1⊥···dn)Λn
detD−kcF (p−1A[tD]) ,
where Λn = GLn(Z).
Now let En,k(Z) be the Siegel Eisenstein series of degree n and of weight k defined
by
En,k(Z) =
∑
γ∈Γ (n)∞ \Γ (n)
j (γ, Z)−k .
For k ≥ n + 1, the Siegel Eisenstein series En,k(Z) is a holomorphic modular form of
weight k with respect to Γ (n). Furthermore, En,k(Z) is a Hecke eigenform and in particular
we have
En,k|T (p)(Z) = hn,p(pk)En,k(Z) ,
where
hn,p(X) = 1 +
n∑
r=1
∑
1≤i1<···<ir≤n
p−
∑r
j=1 ij Xr .
Let cn,k(B) be the B-th Fourier coefficient of En,k(Z). Then we have
hn,p(p
k)cn,k(B) = pnk−n(n+1)/2
∑
d1|d2|···|dn|p
dn1 d
n−1
2 · · · dn
×
∑
D∈Λn(d1⊥···dn)Λn
detD−kcn,k(p−1B[tD]) .
Let B be positive definite. Then we have
cn,k(B) = an,k(det 2B)k−(n+1)/2L(k − n/2, χB)
∏
q
Fq(B, p
−k) ,
where an,k is a non-zero constant depending only on n and k. We note that we have
Fq(p
−1B[tD],X) = Fq(B,X)
for any D ∈ Λn(d1⊥ · · · dn)Λn with d1| · · · |dn|p if q = p. Thus we have
hn,p(p
k)Fp(B, p
−k) =
∑
e1≤e2≤···≤en≤1
pne1+(n−1)e2+···+enp(e1+···+en)(k−n−1)
×
∑
D∈Λn\Λn(pe1⊥···pen )Λn
Fp(p
−1B[tD], p−k) .
The both-hand sides of the above are polynomials in pk and p−k and the equality holds for
infinitely many k. Thus we have
hn,p(X
−1)Fp(B,X) =
∑
e1≤e2≤···≤en≤1
pne1+(n−1)e2+···+en (X−1p−n−1)(e1+···+en)
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×
∑
D∈Λn\Λn(pe1⊥···pen)Λn
Fp(p
−1B[tD],X)
as polynomials in X and X−1. Thus we have
(pk−(n+1)/2X)n/2hn,p(p(n+1)/2X−1)(pk−(n+1)/2X−1)νp(	B)Fp(B, p−(n+1)/2X)
= pnk−n(n+1)/2
∑
e1≤e2≤···≤en≤1
pne1+(n−1)e2+···+en
×
∑
D∈Λn(pe1⊥···pen)Λn
detD−k(pk−(n+1)/2X−1)νp(	p−1B[t D])
× Fp(p−1B[tD], p−(n+1)/2X) .
We recall that we have
cIn(g)(B) = cg(|B |)	k−(n+1)/2B
∏
q
(βq)
νq (	B)Fq(B, q
−(n+1)/2β−1q ) ,
where βq is the non-zero complex number defined before. We also note that
cg (|p−1B[tD]|) = cg(|B |) for any D. Thus we have
(pk−(n+1)/2β−1p )n/2hn,p(p(n+1)/2βp)cIn(g)(B)
= pnk−n(n+1)/2
∑
d1|d2|···|dn|p
dn1 d
n−1
2 · · · dn
∑
D∈Λn(d1⊥···dn)Λn
× detD−kcIn(g)(p−1B[tD]) .
This proves the assertion.
Now we consider the algebraicity of several L-values of elliptic modular forms. For a
prime ideal   of the ring O of integers in an algebraic number field F, let ( ) the local-
ization of O at  . Let {f1, . . . , fd } be a basis of 2k−n(Γ (1)) consisting of primitive forms.
Let K be an algebraic number field containing Q(f1) · · · Q(fd), and A = K. Let f be
a primitive form in 2k−n(Γ (1)). Then Shimura [Sh2] showed that there exists two com-
plex numbers c±(f ), uniquely determined up to Q(f )× multiple such that ΓC(l)
√−1lL(l,f,χ)
τ (χ)cj (f )
belongs to Q(f )(χ), and hence it belongs to K(χ) for any integer 1 ≤ 2k − n − 1 and a
Dirichlet character χ, where j = jl = + or − according as χ(−1) = (−1)l or (−1)l−1. We
call c±(f ) Shimura’s period. We note that the above value depends on the choice of c±(f ),
and to formulate our conjecture we choose the canonical periods in the sense of Vatsal [V]
as Shimura’s periods: For a prime ideal
 
the canonical periods Ω±(f ) = Ω±( ; f ) are
uniquely determined up to A∗
( )
multiple. For j = ±, 1 ≤ l ≤ 2k − n − 1, and a Dirichlet
character χ such that χ(−1) = j (−1)l, put
L(l, f, χ) = L(l, f, χ;  ) = ΓC(l)
√−1lL(l, f, χ)
τ (χ)Ωj ( ; f ) .
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In particular, put L(l, f ) = L(l, f, χ) if χ is the principal character. For two positive
integers l1, l2 ≤ 2k − n − 1 such that l1 + l2 ≡ 1 mod 2, the value
ΓC(l1)ΓC(l2)L(l1, f, χ)L(l2, f, χ)
τ (χ)2〈f, f 〉
belongs to Q(f )(χ) (cf. [Sh1].) We denote this value by L(l1, l2; f, χ). Furthermore, put
L(s, f, Ad) = L(s, f, St). As stated in Theorem 2.2, L(l, f, Ad) belongs to Q(f ) for any
odd positive integer l such that l ≤ 2k − n − 1.
Let In(g) be the Duke-Imamoglu-Ikeda lift of g. Let k(Γ (n))∗ be the subspace of
k(Γ
(n)) generated by all the Duke-Imamoglu-Ikeda lifts In(g) of Hecke eigenforms g ∈

+
k−n/2+1(Γ0(4)). We remark that k(Γ (2))∗ is the Maass subspace of k(Γ (2)).
CONJECTURE A. Let g be a Hecke eigenform belonging to the Kohnen plus sub-
space +k−n/2+1/2(Γ0(4)), and f the primitive form in 2k−n(Γ (1)) corresponding to g via
the Shimura correspondence. Moreover let K be the field as above. Assume that k > n.
Let   be a prime ideal of K not dividing (2k − 1)!. Then   is a congruence prime of In(g)
with respect to (k(Γ (n))∗)⊥ if   divides L(k, f )
∏n/2−1
i=1 L(2i + 1, f, Ad).
REMARK. This is an analogue of the Doi-Hida-Ishii conjecture concerning the con-
gruence primes of the Doi-Naganuma lifting [D-H-I]. (See also [Ka2].) We also note that
this type of conjecture has been proposed by Harder [Ha] in the case of vector valued Siegel
modular forms.
Now to explain why our conjecture is reasonable, we refer to Ikeda’s conjecture on
the Petersson inner product of the Duke-Imamoglu-Ikeda lift. Let g and f be as above. Put
ξ˜ (s, χ) = ΓC(s)L(s, χ), and in particular put ξ˜ (s) = ΓC(s)ζ(s).
THEOREM 4.2 (Katsurada and Kawamura [K-K]). Under the above notation and
the assumption we have
ξ˜ (n)ΓC(k)L(k, f )
n/2−1∏
i=1
L(2i − 1, f, Ad)ξ˜ (2i) = 2α 〈In(g), In(g)〉〈f, f 〉n/2−1〈g, g〉 ,
where α is an integer depending only on n and k.
We note that the above theorem was conjectured by Ikeda [Ik2] under more general
setting. We note that the theorem has been proved by Kohnen and Skoruppa [K-S] in case
n = 2.
PROPOSITION 4.3. Let the notation and the assumption be as above. For a fun-
damental discriminant D such that (−1)n/2D > 0 let χD be the Kronecker character
corresponding to D. Then we have
cg(|D|)2〈f, f 〉n/2
〈In(g), In(g)〉 =
2an,k (−1)bn,k |D|k−n/2L(k − n/2, f, χD)
L(k, f )˜ξ(n)
n/2−1∏
i=1
L(2i + 1, f, Ad)˜ξ (2i)
with some integers an,k and bn,k depending only on n and k.
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Proof. By the result in Kohnen-Zagier [K-Z], for any fundamental discriminant D
such that (−1)n/2D > 0 we have
cg (|D|)2
〈g, g〉 =
2k−n/2−1|D|k−n/2−1/2ΓC(k − n/2)L(k − n/2, f, χD)
〈f, f 〉 .
We note that τ (χD) is
√|D| or √−1√|D| according as n ≡ 0 mod 4, or n ≡ 2 mod 4.
This completes the proof.
The following lemma can easily be proved.
LEMMA 4.4. Let g and f be as in Conjecture A.
(1) Let r1 be an element of L′n in Proposition 2.3. Then we have
λIn(g)(r1) = p(n−1)k−n(n+1)/2cf (p)
n∑
i=1
pi .
(2) Let n = 2. Then we have
λI2(g)(T (p)) = cf (p) + p2k−n−1 + p2k−n−2 .
LEMMA 4.5. Let D be a fundamental discriminant such that (−1)n/2D > 0.
(1) Assume that D = 1. Then there exists a positive definite half integral matrix A of
degree n such that (−1)n/2 det(2A) = D.
(2) Let D = 1 and assume n ≡ 0 mod 8. Then there exists a positive definite half
integral matrix A of degree n such that det(2A) = 1.
(3) Let D = 1 and assume that n ≡ 4 mod 8. Then for any prime number q there
exists a positive definite half integral matrix A of degree n such that det (2A) = q2.
Proof. (1) The assertion (1) is due to [[Ik1], Lemma 3.4].
(2) It is well known that there exists a positive definite half-integral matrix E8 of
degree 8 such that det(2E8) = 1. Thus A =
n/8
︷ ︸︸ ︷
E8⊥ · · · ⊥E8 satisfies the required condition.
(3) Let q = 2. Then, take a family {Ap} of half-integral matrices over Zp of de-
gree n such that Aq ∼Zq q⊥(−qξ)⊥(−ξ)⊥1n−3 with ( ξq ) = −1, A2 =
r
︷ ︸︸ ︷
H⊥ · · ·⊥H
with H =
(
0 1/2
1/2 0
)
, and Ap = 1n for p = q, 2. Then by the same argument
as in (1) we can show that there exists a positive definite half integral matrix A of de-
gree n such that det(2A) = q2 such that A ∼Zp Ap for any p. Let q = 2. Then the
matrix A′ =
( 1 0 0 1/2
0 1 0 1/2
0 0 1 1/2
1/2 1/2 1/2 1
)
is a positive definite and det(2A′) = 4. Thus the matrix
A′⊥
(n−4)/8
︷ ︸︸ ︷
E8⊥ · · ·⊥E8 satisfies the required condition.
PROPOSITION 4.6. Let k and n be positive even integer. Let D be a fundamental
discriminant. Let g and f be as in Conjecture A. Let   be a prime ideal in K. Then there
122 H. KATSURADA
exists a positive definite half integral matrices A of degree n such that cIn(g)(A) = cg (|D|)l
with an integer l not divisible by  .
Proof. First assume that D = 1, or n ≡ 4 mod 8. By (1) and (2) of Lemma 4.5, there
exists a matrix A such that A = D. Thus we have cIn(g)(A) = cg (|D|). This proves the
assertion.
Next assume that n ≡ 4 mod 8 and that D = 1. We show that there exists a prime
number q satisfying the following condition:
(∗∗) cf (q) + qk−n/2−1(−q − 1) is not divisible by  .†
Assume that cf (q) + qk−n/2−1(−q − 1) is divisible by   for any prime number q.
Let p be a prime number divisible by  . Fix an imbedding ιp : Q¯ −→ Qp, and let ρf,p :
Gal(Q¯/Q) −→ GL2(Qp) be the Galois representation attached to f. Then by Chebotarev
density theorem, the semi-simplification ρssf,p of ρf,p can be expressed as
ρssf,p = χpk−n/2 ⊕ χpk−n/2−1
with χp the p-adic mod p cyclotomic character. On the other hand, by the Fontaine-
Messing [Fo-Me] and Fontaine-Laffaille [Fo-La], ρssf,p|Ip should be χp2k−n−1 ⊕ 1 or
ω2k−n−12 ⊕ ωp(2k−n−1)2 with ω2 the fundamental character of level 2, where Ip denotes
the inertia group of p in Gal(Q¯/Q). This is impossible because k > 2. Now for a prime
number q satisfying the condition (∗∗), take a positive definite matrix A in (3) of Lemma
4.5. Then
cIn(g)(A) = cg (1)qk−(n+1)/2βqFq(A, q−(n+1)/2β−1q ) .
By [[Ka1], Theorem 4.1], we have
Fq(A,X) = 1 − Xq(n−2)/2(q2 + q) + q3(Xq(n−2)/2)2 .
Thus we have
cIn(g)(A) = cg (1)(cf (q) + qk−n/2−1(−q − 1)) .
Thus the assertion holds.
THEOREM 4.7. Let k ≥ 2n + 4. Let K , g and f be as in Conjecture A, and   a
prime ideal of K. Furthermore assume that
(1)   divides L(k, f )∏n/2−1i=1 L(2i + 1, f, Ad).
(2)   does not divide
ξ˜ (2m + δχ , χ)
n∏
i=1
L(2m + δχ + k − i, f, χ)L(k − n/2, f, χD)MD(2k − 1)!
for some integer n/2 + 1 ≤ m ≤ k/2 − n/2 − 1, for some primitive Dirichlet character χ
mod M, and for some fundamental discriminant D such that (−1)n/2D > 0.
Then   is a congruence prime of In(g) with respect to CIn(g)⊥. Furthermore assume that
the following condition holds:
(3)   does not divide
Ck,n
〈f, f 〉
Ω+( ; f )Ω−( ; f ) ,
†The proof of this fact was suggested by S. Yasuda and T. Yamauchi.
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where Ck,n = 1 or ∏q≤(2k−n)/12(1 + q + · · · + qn−1) according as n = 2 or not.
Then   is a congruence prime of In(g) with respect to (k(Γ (n))∗)⊥.
Proof. Let   be a prime ideal satisfying the condition (1) and (2). For the D above,
take a matrix A ∈ Ln(Z)>0 so that cIn(g)(A) = cg (|D|)l with an integer l not divisible by
 . Then by Proposition 4.3, we have
L(2m + δχ , In(g), χ, St)|cIn(g)(A)|2
= L(2m + δχ , In(g), χ, St)|cg(|D|)|2l2
= k,m,χ
∏n
i=1 L(2m + δχ + k − i, f, χ)|D|k−n/2L(k − n/2, f, χD)
L(k, f )ξ˜ (n)
∏n/2−1
i=1 L(2i + 1, f, Ad)ξ˜ (2i)
×
(
Ω+( ; f )Ω−( ; f )
〈f, f 〉
)n/2
,
where k,m,χ is a rational number whose numerator is not divided by  . We note that
〈f, f 〉
Ω+( ; f )Ω−( ; f ) is  -integral. Thus by assumptions (1) and (2),   divides (L(2m +
δχ , In(g), χ, St)cIn(g)(A)cIn(g)(A))−1. We note that In(g) satisfies the assumption in The-
orem 3.1. Thus by Theorem 3.1, there exists a Hecke eigenform G ∈ C(In(g))⊥ such
that
λG(T ) ≡ λIn(g)(T ) mod  
for any T ∈ L′n. Assume that we have G = In(g ′) with some Hecke eigenform g ′ =
g in +k−n/2+1/2(Γ0(4)), and let f ′(z) =
∑∞
m=1 cf ′(m)e(mz) be the primitive form in
2k−n(Γ (1)) corresponding to g ′ via the Shimura correspondence. Let n = 2. Then by (2)
of Lemma 4.4,   is also a congruence prime of f. Let n ≥ 4. Then by (1) of Lemma 4.4,
we have
(pn−1 + · · · + p + 1)cf (p) ≡ (pn−1 + · · · + p + 1)cf ′(p) mod  
for any prime number p not divisible by  . By assumption (3), in particular, for any p ≤
(2k − n)/12, we have
cf (p) ≡ cf ′(p) mod  .
Thus by Sturm [Stur],   is also a congruence prime of f. Thus by [Hi2] and [Ri2],   divides
〈f, f 〉
Ω+( ; f )Ω−( ; f ) , which contradicts the assumption (3). Thus   is a congruence prime
of In(g) with respect to (k(Γ (n))∗)⊥. 
Though we formulated Conjecture A in terms the canonical periods, it seems difficult
to examine it numerically since it seems difficult to compute L(m, f, χ) in general. In-
stead, we give a formulation of the conjecture using another periods: We take the periods
Ω˜±(f ) = Ω˜±( ; f ) so that
ΓC(l)
√−1lL(l, f )
Ω˜j (f )
∈ Q(f )
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for any integer 1 ≤ l ≤ 2k − n − 1 and so that
min1≤l≤k−n/2ord
 
(
ΓC(2l − 1)
√−1L(2l − 1, f )
Ω˜−(f )
)
= 0 ,
and
min1≤l≤k−n/2−1ord
 
(
ΓC(2l)L(2l, f )
Ω˜+(f )
)
= 0 ,
where ord
 
(a) denotes the  -adic order of a ∈ K (cf. [I-K-P-Y].) Then we put
L˜(l, f, χ) = L˜(l, f, χ;  ) = ΓC(l)L(l, f, χ)
τ (χ)Ω˜j ( ; f ) .
We do not know whether these periods coincide with the canonical periods. However, we
assume this coincidence at the moment, and we rewrite Conjecture A:
CONJECTURE A’. In addition to the notation and the assumption as Conjecture A.
Then   is a congruence prime of In(g) with respect to (k(Γ (n))∗)⊥ if   divides L˜(k, f )∏n/2−1
i=1 L(2i + 1, f, Ad).
As for the above conjecture, similarly to Theorem 4.7, we can prove the following:
THEOREM 4.8. Let k ≥ 2n + 4. Let K , g and f be as in Theorem 4.7, and   a
prime ideal of K. Furthermore assume that
(1)   divides L˜(k, f )∏n/2−1i=1 L(2i + 1, f, Ad).
(2)   does not divide
ξ˜ (2m + δχ , χ)
n/2∏
i=1
L(2m + δχ + k − 2i + 1, 2m + δχ + k − 2i; f, χ)
×L˜(k − n/2, f, χD)MD(2k − 1)!
for some integer n/2 + 1 ≤ m ≤ k/2 − n/2 − 1, for some primitive Dirichlet character χ,
and for some fundamental discriminant D such that (−1)n/2D > 0.
Then   is a congruence prime of In(g) with respect to CIn(g)⊥. Furthermore assume that
the following condition holds:
(3)   is not a congruence prime of f , and it does not divide Ck,n.
Then   is a congruence prime of In(g) with respect to (k(Γ (n))∗)⊥.
EXAMPLE. Let n = 4 and k = 18. Then we have dim 18(Γ (4))∗ =
dim +17/2(Γ0(4)) = dim 32(Γ (1)) = 2. Take a basis g1, g2 consisting of Hecke eigen-
forms in +17(Γ0(4)), and fi be the primitive form in 32(Γ (1)) corresponding to gi under
the Shimura correspondence. Put g = g1 and f = f1. Then we have [Q(f ) : Q] = 2.
Now consider the prime number 211. Then it is decomposed into two prime ideals as
211 =   ′ in Q(f ). Then, by using the method in Section 5 of Zagier [Z], we can
show that the prime number 211 divides the value NQ(f )/Q(L˜(18, f )), and for the prin-
cipal character χ1 the value NQ(f )/Q(L˜(16, f, χ1) is a 211-adic unit. Moreover, we see
that L(23, 22; f )L(21, 20; f ) is a 211-adic unit. Thus by Theorem 4.8,   or  ′ is a con-
gruence prime of In(g) with respect to (CIn(g))⊥. Furthermore, by a direct computation
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we see neither   nor  ′ is a congruence prime of In(g) with respect to CIn(g2). This im-
plies that   or  ′ is a congruence prime of In(g) with respect to 18(Γ (4))∗
⊥
. We note that
dim 18(Γ (4)) is about 16 (cf. Poor and Yuen [P-Y]), and at present it seems difficult to
examine the above congruence directly without using Theorem 4.8.
5. Appendix
In this section we prove Theorem 3.1. For a Dirichlet character η mod M such that
η(−1) = (−1)l, we define the Eisenstein series En,l(Z,M, η, s) and E∗n,l(Z,M, η, s) by
En,l(Z,M, η, s) = L(1 − l − 2s, η)
[n/2]∏
i=1
L(1 − 2l − 4s + 2i, η2)
× det(Im(Z)))s
∑
γ∈Γ (n)∞ \Γ (n)0 (M)
j (γ, Z)−k|j (γ,Z)|−2s ,
and
E∗n,l(Z,M, η, s) = En,l |lWM(Z,M, η, s) ,
where WM =
(
O −1n
M1n O
)
. Then as a function of Z, the function E∗n,l(Z,M, η, s)
belongs to ∞l (Γ
(n)
0 (M), η). Moreover, as a function of s, the function E
∗
n,l(Z,M, η, s)
has a meromorphic continuation to the whole s-plane, and if l ≥ 2, then E∗n,l(Z,M, η, s)
is holomorphic at s = 0. We put E∗n,l(Z,M, η) = E∗n,l(Z,M, η, 0). We put ρ(n, η) = 3 if
n ≡ 1 mod 4, n ≥ 5, and η2 = 1, and ρ(n, η) = 1 otherwise.
PROPOSITION 5.1. Suppose that l ≥ n + ρ(n, η). Then E∗n,l(Z,M, η) belongs to
l(Γ
(n)
0 (M), η)(Q(η)). Moreover let   be a prime ideal of Q(η) which does not divide
(2l − 1)!M. Then E∗n,l(Z,M, η) belongs to l(Γ (n)0 (M), η)((OQ(η))( )).
Let
◦
Dνn,l be the differential operator in [B-S], which maps ∞l (Γ (2n)0 (M)) to ∞l+ν
(Γ
(n)
0 (M))⊗∞l+ν(Γ (n)0 (M)). Let χ be a primitive character mod N. We define a function


k,ν
2n (Z1, Z2, N, χ) on Hn × Hn as


k,ν
2n (Z1, Z2, N, χ) = (2π
√−1)−ντ (χ)−n−1
×
◦
Dνn,l
⎛
⎝
∑
X∈Mn(Z)/NMn(Z)
χ(detX)E∗2n,l(∗,M, χ)|k
(
12n S(X/N)
O 12n
)
⎞
⎠ (Z1, Z2)
for (Z1, Z2) ∈ Hn × Hn, where S(X/N) =
(
On X/N
tX/N On
)
. Then by Proposition 5.1
and the definition of
◦
Dνn,l combined with the argument as in [[B-S], Section 6], we prove
the following:
126 H. KATSURADA
PROPOSITION 5.2. 
k,k−l2n (Z1, Z2, N, χ) belongs to k(Γ
(n)
0 (N
2)(Q(χ)) ⊗
k(Γ
(n)
0 (N
2)(Q(χ)), and in particular if k > l, then it belongs to k(Γ (n)0 (N2)(Q(χ)) ⊗
k(Γ
(n)
0 (N
2)(Q(χ)). Moreover let   be a prime ideal of Q(η) which does not divide (2l −
1)!M. Then 
k,k−l2n (Z1, Z2, N, χ) belongs to k(Γ (n)0 (N2)((OQ(χ))( )) ⊗ k(Γ (n)0 (N2)
((OQ(χ))( )).
Suppose that k > l. Then 
k,k−l2n (Z1, Z2, N, χ) can be expressed as


k,k−l
2n (Z1, Z2, N, χ) =
∑
A∈Ln(Z)>0
Ek,k−l2n (Z1, A,N, χ)e(tr(AZ2))
with Ek,k−l2n (Z1, A,N, χ) ∈ k(Γ (n)0 (N2). We note that Ek,k−l2n (Z1, A,N, χ) belongs to
k(Γ
(n)
0 (N
2)((OQ(χ))( )). Put
Gk,k−l2n (Z1, A,N, χ) = [Γ (n) : Γ (n)0 (N2)]−1
∑
γ∈Γ (n)0 (N2)\Γ (n)
(Ek,k−l2n )|kγ (Z1, A,N, χ) .
Then Gk,k−l2n (Z1, A,N, χ) belongs to k(Γ (n)), and in particular if k > l, it belongs to
k(Γ
(n)).
THEOREM 5.3. Assume that k > l.
(1) Gk,k−l2n (Z1, A,N, χ) ∈ k(Γ (n))((OQ(χ))( )).
(2) Let {Fi}di=1 be an orthogonal basis of k(Γ (n)) consisting of Hecke eigenforms.
We have
Gk,k−l2n (Z,A,N, χ) =
d∑
i=1
uiL(l − n, Fi , χ, St)cFi (N−2A)Fi(Z)
with ui ∈ (OQ(χ))∗
( )
∩ Q.
Proof. (1) As stated above, Ek,k−l2n (Z1, A,N, χ) belongs to k(Γ (n)0 (N2))
((OQ(χ))( )). Hence, by q-expansion principle of Siegel modular form (cf. [Ich]),
(Ek,k−l2n )|kγ (Z1, A,N, χ) belongs to k(Γ (n)(N2))((OQ(χ))( )) for any γ ∈ Γ (n). Thus
we have Gk,k−l2n (Z1, A,N, χ) ∈ k(Γ (n)) ∩ k(Γ (n)(N2))((OQ(χ))( )). This proves the
assertion.
(2) Put

k,k−l
2n (Z1, Z2, N, χ) = [Γ (n) : Γ (n)0 (N2)]−1
∑
γ∈Γ (n)0 (N2)\Γ (n)


k,k−l
2n (|kγZ1, Z2, N, χ) .
Then we have

k,k−l
2n (Z1, Z2, N, χ) =
∑
A∈Ln(Z)>0
Gk,k−l2n (Z1, A,N, χ)e(tr(AZ2)).
Then by [[B-S],(3.24)], we have
〈Fi ,k,k−l2n (∗,−Z2, N, χ)〉 = uiL(l − n, Fi, χ, St)〈Fi , Fi〉Fi(N2Z2)
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with ui ∈ (OQ(χ))∗( ). On the other hand, we have
〈Fi ,k,k−l2n (∗,−Z2, N, χ)〉 =
∑
A∈Ln(Z)>0
〈Fi,Gk,k−l2n (∗, A,N, χ)〉e(tr(AZ2)) .
Hence we have
〈Fi ,Gk,k−l2n (∗, A,N, χ)〉 = uiL(l − n, Fi , χ, St)〈Fi, Fi〉cFi (N−2A)
for any A. Now Gk,k−l2n (Z,A,N, χ) can be expressed as
Gk,k−l2n (Z,A,N, χ) =
d∑
i=1
ciFi(Z)
with ci ∈ C. We have
〈Fi,Gk,k−l2n (∗, A,N, χ)〉 = ci〈Fi, Fi〉 .
Hence we have
ci = uiL(l − n, Fi , χ, St)〈Fi, Fi〉cFi (N−2A) .
We note that L(l − n, Fi , χ, St) = L(l − n, Fi, χ, St). This proves the assertion.
PROOF OF THEOREM 3.1. Let l, χ and A,B be as in Theorem 3.1. We may assume
that F1 = F. Then we have
Gk,k−l+n2n (Z,N2B,N, χ) = u1L(l, F, χ, St)cF (A)cF (B)
F (Z)
cF (A)
+
d∑
i=2
uiL(l, Fi , χ, St)cFi (B)Fi(Z) .
By (1) of Theorem 5.3, all the Fourier coefficients of Gk,k−l+n2n (Z,N2A,N, χ) belongs to
(OQ(χ))( ). Moreover ord (u1L(l, F, χ, St)cF (A)cF (B)) < 0. We note that λF (T ) =
λF/cF (A)(T ) for any T ∈ L′n. Thus by [[Ka3], Lemma 5.1], we prove the assertion.
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